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We demonstrate coherent terahertz (THz) frequency imaging using the self-mixing effect in a quantum cascade laser (QCL). Self-mixing voltage waveforms are acquired at each pixel of a twodimensional image of etched GaAs structures and fitted to a three-mirror laser model, enabling extraction of the amplitude and phase parameters of the reflected field. From the phase, we reconstruct the depth of the sample surface, and we show that the amplitude can be related to the sample reflectance. Our approach is experimentally simple and compact, and does not require frequency stabilization of the THz QCL. Over the past decade, the quantum cascade laser (QCL) 1 has established itself as one of the most promising radiation sources for imaging applications [2] [3] [4] [5] [6] at terahertz (THz) frequencies. The appeal of these semiconductor devices derives from their compact size, broad spectral coverage ($1-5 THz), 3, 7 and high output powers. 8 These attributes, coupled with their ability to generate coherent continuous-wave emission with quantum noise-limited linewidths 9 make THz QCLs particularly suited to the development of coherent THz imaging systems. Nevertheless, owing to the reduced experimental complexity involved, the majority of systems reported to date have employed incoherent detection schemes including the use of microbolometer arrays, 3 Golay cells, 4 and cryogenically cooled bolometers. 2, 5 A number of approaches have, though, been taken to demonstrate coherent imaging, including exploiting the heterodyne mixing between a QCL and a local oscillator (LO) derived from a gas laser, 10 and more recently through electro-optic harmonic sampling of the THz field using a near-infrared fs-laser comb. 11 In each of these cases, however, owing to the phase/frequency sensitivity of THz QCLs to thermal and current fluctuations, the QCL was electronically stabilised to the LO in order to enable coherent detection of the THz field. Whilst providing a high signal-to-noise ratio, such locking and stabilisation schemes ultimately result in complex and expansive experimental systems.
An alternative coherent detection scheme that can be realised in an extremely simple and compact configuration exploits the self-mixing (SM) effect in THz QCLs. 6, 12 In this approach, radiation from an external target is re-injected into the laser cavity. This leads to interference ("mixing") with the intra-cavity field, causing changes in both the measured optical output power and the laser terminal voltage (voltage variation is proportional to output power variations as the laser is driven from a current source). [13] [14] [15] These measureable parameters depend upon both the amplitude and the phase of the reflected radiation field. As such, in this scheme, the THz transmitter, local oscillator, mixer, and detector are all combined in a single laser. In this work, we exploit the coherent nature of SM interferometry to demonstrate three-dimensional (3D) profiling of exemplar structures using a THz QCL. Interferometric waveforms are acquired by monitoring the QCL voltage under feedback from the THz field reflected from the surface of etched semiconductor samples, while the surface is scanned by a mechanical XY stage. By fitting these waveforms to a steady-state three-mirror laser model, we can map the phase of the reflected field across the two-dimensional (2D) surface, thereby enabling 3D reconstruction with a depthresolution far less than the radiation wavelength. We also show that the waveform amplitude can be related to the reflectance of the sample surface. This approach is experimentally compact, does not require locking/stabilisation of the laser frequency, and potentially offers high signal-tonoise and fast acquisition, ultimately limited by the picosecond timescales of inter-subband transitions. The SM scheme is also inherently confocal, allowing high transverse resolutions to be attained. 6 Compared to visible/near-infrared approaches, our system benefits from reduced sensitivity to submicron-scaled surface roughness, by virtue of the long radiation wavelength, and also benefits from the ability to interrogate samples and subsurface features concealed by THz-transparent materials and layers.
The imaging system used in this work was based on that described in Ref. 6 . The THz QCL consisted of a 10-lm-thick bound-to-continuum 16 active region emitting at $2.65 THz (k $ 113 lm), which was processed into a semiinsulating surface-plasmon ridge waveguide with dimensions 3mmÂ 140 lm. The device was cooled using a continuousflow helium cryostat and maintained at a constant temperature of 25 K. A dc power supply was used to drive the laser at a constant current of 1050 mA, just above the lasing threshold. Radiation from the laser was focused onto the sample using a pair of 2-in.-diameter f/2 parabolic reflectors, with the mean distance between the laser facet and the target being L 0 ¼ 41 cm through an unpurged atmosphere. The THz beam was chopped at a frequency of $200 Hz and coupled back into the laser cavity along the same optical path as the incident radiation. The SM signal was observed electrically through the laser voltage using an ac-coupled differential amplifier with Â 100 gain that was monitored using a lock-in amplifier synchronised to the mechanical modulation frequency. For image acquisition, the sample was raster-scanned in two-dimensions, normal to the THz beam, using computer-controlled translation stages. In addition, the sample was mounted on a third translation stage enabling longitudinal scanning of the sample along the beam path (z-axis) at each transverse position.
Initially, high-resolution 2D images of conical samples fabricated from polytetrafluoroethylene (PTFE) were acquired to demonstrate the surface-profiling capability of our SM approach. Figure 1(a) shows an image of a 2-in.-diameter cone with an angle of elevation of 4.6 6 0.4 , measured using a calliper, in which the magnitude of the lock-in signal is plotted. In this case, a pixel size of 100 lmw a s used and no longitudinal scanning of the sample was undertaken. Concentric fringes corresponding to a k/2 ¼ 57 lm change in depth are clearly visible. By applying a 2D fast Fourier transform to this image, as shown in Fig. 1(b) , the fringe spacing d can be obtained from the radius of the dominant annulus in reciprocal space. The angle of elevation of the cone, /, can then be inferred via the relation tanð/Þ ¼ k=2d. In this case, a value of / ¼ 4.7 6 0.4 is obtained, in excellent agreement with that measured using a calliper. Figure 1(c) shows the relationship between the angles measured using a calliper (/ cal ) and those obtained from the SM images for a range of different cone geometries. As can be seen, excellent agreement is obtained, demonstrating the applicability of our technique for measuring the surface angle/tilt of samples. In previous heterodyne approaches to coherent cw THz imaging, the phase and amplitude of the reflected THz wave have been encoded in the in-phase and quadrature components of the lock-in amplifier output, for which the reference signal is derived from an electrical beat signal at the intermediate frequency between the THz source and LO. 11, 17 Alternatively, the THz wave has been resolved coherently through sampling in the time-domain using an optical delay stage. 18 In our system, the SM waveform can be acquired coherently on a pixel-by-pixel basis by scanning the sample longitudinally, whilst monitoring the instantaneous SM signal via the in-phase component of the lock-in amplifier. It should be noted that the SM waveform could also be acquired by sweeping the laser frequency via modulation of the driving current. 19 To extract the amplitude of the reflected THz wave from the SM waveforms, as well as the phase accumulation within the external cavity formed by the target, and the feedback parameters, we apply a three mirror model to describe the laser system under feedback, 20 which is equivalent to the steady-state solution to the model proposed by Lang and Kobayashi. 21 In this model, the laser frequency under feedback x is related to the unperturbed frequency x 0 through the phase-matching condition
where L 0 is the nominal external cavity length formed by the remote target, dL is the perturbation to the cavity length arising from the surface geometry of the target, a is the linewidth enhancement factor, and c is the speed of light in vacuum.
The feedback parameter C is related to the target reflectance R ext , and other constants including the length, refractive index, and facet reflectivities of the bare laser cavity. 22 The feedback of radiation causes a perturbation to the threshold gain, which in turn produces a modulation of the laser voltage according to
in which e is a coupling constant representing loss due to attenuation in the external cavity, spatial mode mismatch between the reflected and the cavity mode, and other optical losses due to factors including misalignment and scattering from rough surfaces. Thus, the phase of the SM signal can be related to the distance travelled by the THz radiation in the external cavity, and hence to the depth of the surface of the target dL. Furthermore, the amplitude of the SM waveform can be related to the sample reflectance. It should be noted that Eq. (2) does not describe a purely sinusoidal variation in laser voltage with respect to the external cavity length since the perturbed lasing frequency x is itself a function of the cavity length via Eq. (1).
Coherent 3D imaging was performed on exemplar GaAs structures that were fabricated by wet chemical etching. Sample A comprised of three stepped regions (in the X-direction) with a nominal step height $10 lm and a width (in the Y-direction) of 3.1 mm, whereas sample B consisted of five 1.2-mm-wide steps of height $5 lm. The upper half of each structure was also coated with a 125-nm-thick layer of gold in order to provide regions of differing reflectance. For coherent image acquisition, the sample was scanned on a pixel-by-pixel basis through a longitudinal (z) distance of 0.5 mm, corresponding to nine interferometric fringes. Use of a high sampling resolution of 0.5 lm, corresponding to 1/100 of a fringe, allowed the shape of the fringes to be measured accurately. With a lock-in time constant of 10 ms, the resulting acquisition rate was 20 s/pixel. Figure 2 (a) shows typical SM waveforms obtained from two positions on the surface of sample A corresponding to gold-coated and uncoated regions on different steps, resulting in relative variation in both the phase and amplitude of the waveforms. Also shown are fits to Eq. (2) in which e ffiffiffiffiffiffiffi ffi R ext p , C, a, and dL are treated as free parameters. Figure  2(b) shows the surface depth dL obtained from the fits to one row of pixels traversing the three stepped regions of sample A (without gold coating). Figures 2(b) and 2(c) also show the average depth variation obtained across all rows (both gold coated and uncoated) for samples A and B, respectively. In each case, the etched steps can be resolved clearly, as can the tilt of the samples, which are estimated to be $þ0. 4 and $-0.2 , respectively. Both samples were then characterised using a non-contact optical profilometer (Bruker NPFLEX 3D), the results of which are included in Figs. 2(b) and 2(c) after correction to replicate the measured sample tilts from the SM signals. As can be seen, there is very good agreement with the THz depth profiles obtained for both samples. The full 3D reconstruction of sample A is shown in Fig. 3(a) ,i n which the colour scale indicates the depth of the surface.
In our technique, the depth resolution is determined by the sampling accuracy of the SM waveforms as well as the frequency instability of the laser caused by temperature and current fluctuations. The first of these influencing factors can be reduced, at the expense of acquisition speed, by longitudinally scanning the sample over a greater distance and with a smaller step-size, and also by applying greater averaging. We can estimate the resolution limit (noise-equivalent displacement 23 ) imposed by frequency instability by assuming a typical frequency drift 24, 25 Dx/2p $10-15 MHz over the acquisition period. The resulting phase change of the SM waveform relates to an effective change in cavity length DL ¼ L 0 Dx=x,w h ic h gives a value of $2 lm in our case, allowing the smaller features of sample B to be resolved. For comparison, the quantum noise equivalent displacement is estimated to be $15 pm, assuming a quantum-limited linewidth of $100 Hz for this active region scheme. 9 It should also be noted that, based on Ref. 23 , speckle-pattern errors for reflection from our semiconductor samples are negligible owing to the small spot-size at the target 6 and the long wavelength compared to surface roughness at terahertz frequencies.
The coherent nature of the SM approach also enables the sample reflectance to be mapped from the amplitude of the SM waveforms, according to Eq. (2). Figures 3(b) and  3(c) show the variation of the square of the fitted waveform amplitude across the surface of samples A and B, respectively. In each case, the top rows of pixels, which correspond to the gold-coated region of the samples, clearly reveal the higher reflectance. However, it can be observed that the amplitude is not homogenous across each region, particularly in the case of sample A. This is attributed to scattering from surface defects and variations in the sample geometry arising from the etching process, which cause deviations in the reflection angle of the beam and hence variation in the coupling constant e across the surface. Nevertheless, the ratios of the parameters e ffiffiffiffiffiffiffi ffi R ext p corresponding to the coated and uncoated regions are measured to be 1.28 and 1.61 for samples A and B, respectively. For comparison, assuming complete reflection from the gold layer and a refractive index of 3.6 for GaAs, the expected ratio is 1.77, based on the Fresnel coefficient alone.
In conclusion, we have reported coherent THz imaging using a simple and compact system that exploits the SM effect in a QCL without the need for frequency stabilisation. By extracting the phase and amplitude parameters of a set of SM voltage waveforms, we have demonstrated that this technique allows both the depth and reflectance to be mapped across the surface of structures, with a depth resolution $2 lm.
